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Lecture 1

1 Why do we need QFT?

0 Introduction

Quantum Field Theory is a marriage of quantum mechanics and special relativity which
provides the mathematical framework for describing the interactions of elementary par-
ticles. This first Quantum Field Theory course introduces the basic types of fields which
play an important role in high energy physics: scalars, (Dirac) spinors, and gauge fields.
The relativistic covariance and symmetry properties of these fields are discussed using
the language of Lagrangians and Noether’s theorem. The quantisation of free fields is
developed using Hamiltonian methods in terms of operators which create and annihi-
late particles and anti-particles. The Fock space of quantum physical states and the
associated realisation of particle statistics is described. Interacting field theory is de-
veloped next using Dyson’s formula for the scattering amplitude. Perturbation theory
is formulated by applying Wick’s theorem and Feynman diagrams are introduced as
an efficient way of organising the resulting calculations. Physically measurable quanti-
ties such as decay rates and cross-sections are defined. Spinors and the Dirac equation
are explored in detail, along with parity and chirality. Fermionic quantisation is de-
veloped, along with Feynman rules and Feynman propagators for fermions. We review
the relativistic formulation of Maxwell’s equations formulating a corresponding action
principle. The significance of gauge invariance is discussed. Lorentz gauge quantisation
of the electromagnetic field is accomplished by imposing the Gupta-Bleuler condition.
Finally, quantum electrodynamics (QED) is developed. Interactions between photons
and charged matter are introduced via the principal of minimal coupling. We discuss
the calculation of tree-level scattering amplitudes in QED.
Main references are | , , , ].

1 Why do we need QFT?

Culmination of ideas of relativity and QM. QED agreement between theory and ex-
periments of 10 fig. Very much WIP. No rigorous mathematicial defn for what a QFT
should be. Related to having no general procedure/generally applicable methods to turn
a QFT into consequences for experiments.

We can sometimes do perturbative expansion in terms of Feynman diagrams, actually
a divergent series, leading to renormalisation, feature more than bug. Those series
in themselves do not provide a rigorous definition of QFTs. We work only here at
lowest levels, ”tree-level QFTs”. By the end of it, we’ll be able to calculate scattering
amplitudes at leading order.

First example sheet out.

But why do we need QFT?

Consider the naive story of attraction between positive and negative charges in elec-
trostatics. Coulomb’s force. We need to change it in two directions:

¢ Pass to electrodynamics, describe the force in terms of fields, get a vector depend-
ing on time, get also time-depending vector-valued magnetic fields. Features of
locality, no action at a distance, and Lorentz invariance, already embedded in the
theory, as get waves that propagate at the speed of light. Can combine E, B into
a Lorentz tensor, which is Lorentz invariant.

h Pass to quantum mechanics. Features of ”discreteness/quantized theory” and
probabilistic theory.

If we combine both ingredients, we’ll need QFT. New qualitative features, such
as particle creation, provided that we preserve the overall energy. Photon obeying
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Ey > 2m.c?, we can create a particle-antiparticle pair (not actually physically allowed).
Number of particles not a conserve quantity.

Aside from spins, we cannot distinguish elementary particles. Bose/Fermi statistics,
get (anti)symmetrization of wave function. In QM, this has to be put in by hand, such
as Pauli-exclusion principle. We want this to be produced naturally. The implication of
spin-statistics theorem was an early validation test.

Typical experiment involving beams of elementary particles at high energy. Idealized
by some process which takes some initial state |i), get final state | f) with potentially more
particles. Our goal will be to compute the probability p;—, ; = |4, ¢|?, i.e. mod-squared
of amplitude, which is just a complex number. When we success in such a calculation,
we need to require that the theory is unitary, i.e. Zf pisy = 1, i.e. the S matrix
is unitary. Moreover, if we feed Lorentz invariant input, we want a Lorentz invariant
output, i.e. our theory must generate Lorentzian-covariant outputs. In practice, these
requirements are very restrictive.

What is a QFT?

We cannot start from QM. We start from Maxwell’s classical field theory o(Z,t).
This classical field obeys Lorentzian invariance. We will describe the dynamics first
in terms of Lagrangians and then Hamiltonians of the theory. At this point, there is
a canonical procedure to a classical phase space to a quantum theory with Hermitian
operators. We will follow a similar procedure to get the quantum field operator @(Z,t),
as a result of applying the canonical quantization.

This is hard as we are really quantizing an infinite-degrees of freedom, which will be
our source of UV divergences. Will need distribution theory.

Linear field equations will be our starting point. We then look for the energy
eigenstates of the Hamiltonian H|[p, 7], which match the requirements multi-particle
states. We now compute scattering amplitudes by

Aisy = (Fle 71

with the time-evolution operator. But actually getting finite consistent answers from
this is very limiting. For QED, we have the options given for us by the theory, which
makes it easy to identify those choices of gauge which give physical theories.

Outline:

(i) Classical Field Theory,
(ii) Free QFT,

)
)
(iii) Interacting QFT, treating perturbatively in the scalar field/spin-0 particles,
(iv) Fermions, gauge fields,

)

(v

Closest reference to course material is | ]

QED

2 Preliminaries

2.1 Units

Three fundamental constants: ¢ ~ LT™!, A ~ L2MT', G ~ L3M~'T72, linearly
independent sets of quantities.
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| Definition 2.1. We define the natural units to be given by ¢ = h = 1.

Using natural units, all quantities scale with some power of mass. In terms of
notation:

X ~ M,

where ¢ is the scaling dimension. For a quantity X, we denote [X] := .

| Example 2.2. In natural units, [E] = +1,[z] = —1.

2.2 Relativity
We work in flat Minkowski space R*!. Metric tensor Nur = diag{+1,—-1,—-1, -1},

mostly-minus convention. The coordinates z# = (¢, Z).
We also adopt the summation convention
— T
Ty = NurZ ,

where summation over r is implied. Inverse metric n*", which gets us

. = ok

3 Classical Field Theory

Theory of scalar field: assignment a real number at each point in time.
p: R — R
x— o = p(x) = @(t, T).

What kinds of functions do we allow? What are the boundary conditions on Minkowski
space? Smooth or continuous? Generally, if you start with smooth inputs, the QFT
propagates it to a smooth outputs.

If we want to think of fields in general, ¢ maps from some spacetime to a ”field
space”. Field spaces could be for example spin spaces, we want to be able to carry a
representation of the Lorentz group. In generalisations, we could have some manifold
as a field space.

In the other direction, we can replace spacetime with something curved.

Lecture 2
Scalar field

@:R?”l — R.

Write p(x) = p(t, Z).
Main property of a scalar field: how it transforms under Lorentz transformation.

Remark. The Minkowski metric is invariant under LT.
Recall that LT are

ot —— (") = Ata”,
just think of A as a 4x4 matrix which obey

ASAZT = g

)
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defining equation of LTs. In matrix notation

A-n- AT = 7.
| Definition 3.1. We say an LT is proper if det A = +1.
| Proposition 3.2. LTs form a group under composition/matrix multiplication.

Definition 3.3. We call the subgroup of proper LTs the Lorentz group G =
SO(3,1).

Remark. This is a Lie group, i.e. a group that is also a manifold in a compatible
way. We'll leave most such technicalities to SFT.

Question. How does a scalar field transform under Lorentz transformation, i.e. as
we pass from one inertial frame to another?

pla) 25 o (2) = (A7 - ).

We call this the active convention for transformations. See discussion in
PS/Tong on active vs passive conventions for transformations.
Let us make this more explicit:

(A" -a) = (A7 1)a,

where A1 € SO(3,1) such that (A~1)I'Al = 1.

3.1 Field Constructions

Before we go into Lagrangians, let us construct more fields out of ¢. We know we will
be dealing with differential equations governing the laws of motion, so let us consider
derivatives.

Definition 3.4. We define the spacetime derivative field by

) = 220

We can work out the transformation law as:

0u(x) 2% (9,0 () = poro(A~" - 2)

= (A (0up) (A ),

by chain rule, But due to the factor in front, the derivative is not a scalar field!

Definition 3.5. A (4-)vector field is a map

V:R¥ — R
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which transforms as

Vi(a) 28 ALVY (AT - 2.

Remark. Note that here it is just a function, but in general, with non-flat spacetime,
we need sections of tangent bundles.

This gives us the generic notion that transforms as the representations of the Lorentz
group, the general concept of whom is the tensor field. The fact that it is a field will
mean that we transform the spacetime argument.

Exercise. Try to

(i) Show that

Mp(r) = p0,0(x),

is a vector field. [Hint: use defining property of Lorentz transformation.] Note
that raised index means just acting with the Lorentz tensor.

(ii) Prove that the following field by contraction is a scalar field

K(z) = 0up()0" ().

| Remark. We want (ii) to construct Lagrangian fields which are scalar fields.

3.2 Lagrangians

| Idea. We want to start thinking of dynamics from the point of view of Lagrangian
mechanics.

Recall that in particle mechanics there are several advantages to using Lagrangians:
(i) We can transform ?

(ii) Lagrangian are invariant under the symmetries of the theory, which is not true for
the EOM, which transform covariantly. This will take the form of Noether’s Thm.

(iii) We can use Lagrangians to pass to Hamiltonians, which are the correct setting to
perform quantizations.

Review of Lagrangians for non-relativistic particle of m = 1 in potential in 1d.
Position is just ¢ = ¢(t). Can define dyn-sys by either giving EOM or giving a
Lagrangian.

Definition 3.6. The action in time interval [t;, ;] is

Sla) = / " AL (1), d(1)).

ti
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Remark. The action is a functional, which is why we write [—]. It depends on the
whole path. It is overkill in classical dynamics, but it introduces us here to the ideas
of QM.

The Principle of Least Action

(i) Vary path of particle
q(t) = q(t) + dq(1),
by variations with quick endpoints, i.e. dq(t;) = dq(ty) = 0.
(ii) Demand stationary action
45 =0,
for all such such dq(t) = 0.

Then the principle of least of least action tells us this will be the case iff the Euler-
Lagrange Equations hold. In our case, this reduces

.oV

This is overkill for Newtonian mechanics, but will be vital for our QFT picture.
To have a Lagrangian for ¢ a scalar field, we need

(i) A Lorentz invariant action,

(i) It is local, which follows naturally when we involve derivatives. In practice we
mean interactions involving position and its derivative must share the given point.

(iii) Renormalizability, which determines whether the scalar theory makes sense. We
phrase this as [Lagrangian density/terms that occur in £] < 4.

—

Let us write a Lagrangian for p(x) = ¢(t, Z),

L) =Ll = [ @ 2L(p(@).0,0(0)),
by locality. This ensures that when we apply the principle of LA we will get an PDE.

| Definition 3.7. We call £ the Lagrangian density.

Question. Are locality algebras a sensible idea as where these Lagrangians come
from?

Definition 3.8. We define the action as

&MM=KEM=KVEA
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This makes sense when there is an initial and final time, such as when we’re interested
in scattering. But we want to think in generality to infinite time intervals, letting
t; =+ —o0,ty — oo. This gives the action a much nicer form as

Stel = [ atL(e(@). (@)

We want the action to be Lorentz invariant, ideally without imposing that £ be
Lorentz invariant itself. We will see that is suffices for £ be a scalar field.
LT A € SO(3,1), require L is a scalar field, i.e.

L(z) 2 LA ).
Then

S = /d4x£(x) A g = /d%c(A*l - z).

Change variables and define y* = (A~1)#x”. We pick up a Jacobian, but that is fine,
as it is just det A = +1. Thus

S':/ yLy) = S.
R3.1

Corrections:
Remark. A contravariant 4-vector is one with a raised index z#. A covariant
4-vector is one with a lowered index z,,.
Remark. Most general £

(i) Lorentz invariant,

(ii) < 2 time derivatives.
We could have
1
L= 5F(p)0updt e = Vip),

which is a reasonable classical field theory, but in the quantum setting, we’ll have to
add a (iii) requirement of F' = 1 for renormalization. This gets us

1

L= 500up)(0"p) = V().

In the general case with no assumption on V, e.g. being quadratic, we don’t get
Klein-Gordon but

8,0" 0 + V' () =0,

and if V' is not quadratic, this means we have a non-linear PDE, which is hard in the
general case. We can only find wave-like solutions in small pertubations. If we try
to get wave-packets solutions, they don’t stay local and linearity also breaks, so no
superpositions.

Moreover, we get other funky solutions like non-linear waves, e.g. solitons, they have
a role which will be explored in ET23 ” Solitons”.

If we proceed to quantize this, we’ll find a theory with interacting particles, which
is hard unless we're using perturbation theory.
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3.3 Maxwell’s Theory as an Example

4-vector potential regarded as a 4-vector field:

—.

At (z) = AT, 1) = (9, A),

scalar and vector potential.
Thinking of it as a 4-vector field in Minkowski spacetime, we want to consider a
behaviour under standard LT A. Then A* transforms as

Ar(z) B APAY (AT - 7). (1)
The EM field live in field-strength/Maxwell tensor,
FH (z) :== 0" A" (x) — OV AH(x). (2)
Corresponding transformation rule under LT:
Frv B AEAL RS (AT ), (3)

This follows from Equation 2 by chain rule.
Moreover, F*¥ is invariant under gauge transformation, another transformation of
the field given by

Ar(z) 2 AR (2) + 0" A(z),

where A : R3! — R is arbitrary, potentially with some decay at infinity.
Since by equation 2, F' depends on A, it will satisfy the Bianchi identity, which may
also be written using the alternating tensor ¢

a)\Fuy + a#FV)\ + 8UF)\# == 0.

| Exercise. Check this.

This actually encodes two of Maxwell’s equations, once we re-express F' in terms of
electrics/magnetic potential.

3.3.1 The Maxwell Lagrangian

We need a gauge-invariant, Lorentz-invariant Lagrangian-density with at most two time
derivatives. This basically reduces us to
1 v
A= —ZFWF ,
which is Lorentz invariant because we were careful with indexes and gauge-invariant
because we expressed this in terms of F' and not A.

To check EOM, we need to rewrite this in terms of the 4-vector field, because we
need to vary the field. This is hard because this obeys the Bianchi identity. The 4-vector
field is unconstrained however, so we can vary that.

Expanding out

1 v
A = _ZF/“,FM

1 1
—5(8HA,,)(8”A”) + i(auA“)” + total derivative.
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This gets us

oL oL
— = O ==——= | =0
0A, a (8(8MAV))

In our case, we can evaluate the derivatives explicitly:

oL
0A,
oL

0(0,AL)

= O’
= —0"AY + (0 A,

hence EL becomes
O F" =0 (4)

This yields the remaining two Maxwell’s equations, and it will give us an example for
QED. Quantizing Maxwell’s theory will give us a theory of interacting spin-1 particles.

3.4 Symmetries

Definition 3.9. A symmetry is variation of fields which leaves the action invari-
ant.

The symmetries of a theory get imprinted on the observables in several ways:

(i) Through conservation laws/conserved charges, by continuous symmetries. This
constraints which processes our theory allows and will be content of Noether’s
Theorem.

(ii) The right way to think of symmetries is with representations of non-abelian (Lie)
groups, e.g. eight-fold way of charges of hadrons.

A symmetry restricts the form of the Lagrangian, e.g. demanding that it is Lorentz-
invariant heavily restrict us. The most powerful form of this is in a gauge theory is that
the entire form of the Lagrangian is dictated by gauge invariance, e.g. in the Standard
Model.

This effect is powerful already for Lorentz invariance, but is even stronger with
gauge-invariance. It effectively reduces the problem of finding Lagrangians, e.g. for the
Standard Model, to picking the correct gauge groups and their representations. We will
see that gauge invariance is essential for renormalizability.

Want to distinguish global/spacetime symmetries from gauge symmetries, which
leave also the other quantities of interest unchanged.

Let us focus on symmetries of the scalar field theory. The spacetime symmetries that
occur are:

(i) Translation
t — xt + P,
p(x) = e — o),
where ¢ € R%®!. This is automatic by using Lagrangian densities.
(ii) Lorentz
xt — Abz?,
p(z) = p(A7! - 2),
AeGy.

10
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(iii) Under the widely applicable assumptions that m = 0,V = 0 and scaling as ag?,
we get dilatation/scale transformation

¥ — Azt
LAD(LL') - SD—A()‘_I : l‘),
where A = [p] and A € RT. This often becomes conformal field symmetry.

We also have internal symmetries. E.g. electric charge, flavour, colour (a gauge
theory).
We'll stick with a scalar field, but generalise it to be complex.

P :R¥! — C.

We write down a Lagrangian for ¢, which we want to be real, as we’ll want a real
Hamiltonian:

L =8, 0" = V(|¢*),
where [¢)|? is because we want the symmetry under phase rotation

U(@) = ¢ (2) = P(a),
YT = () = e (2),

for a € [0, 27), which means that both £ and S are invariant.
Generally, continuous symmetries yield matrix/linear Lie groups.

Example 3.10. L.T. 2* — AkzY a 4x4 matrix. Then

Gr ={A eMaty(R)|A-7-AT =n,det A =1} = SO(3,1).

Remark. SO(3,1) Lorentz, but also have translations and rotations. Translations
plus translations gives the Poincaré group, which we can enlarge to SO(4,2) which
is the conformal group.

3.5 Finite vs Infinitesimal Transformations

Thinking of symmetry transformations as elements of a group, group near g € G " near
the identity” can be written in exponential form as

g = exp(aX),

with @ € R, X a matrix. But what does exp mean with matrices? The matrix X € L(QG)
belongs to the Lie algebra of G. The exponential of a matrix is defined by

exp(aX) := Z %(ozX)”7

n=0

which for o <1 is approximated by
1+ aX +0(a?),

often convenient to work up to 1st order.

11
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Example 3.11. For our

L= 0,9 0" = V([p]),

the finite transformation

P(x) = g- (),

where g = exp(ia) € G ~ U(1).
An infinitesimal transformation
P(x) = P(x) + 6¢(2),
is then to first order
0p(z) = iap(z),

which will be sufficient for most purposes.
Lecture 4
For LT A € G, = SO(3,1), in a neighbourhood of the identity, we can write

A ~ exp(s0)),

where the matrix Q belongs to the Lie algebra of SO(3,1). To be fully explicit, this
means that we can expand

AJ =6, +sQ) + O(s?),
imposing the defining property of LTs w.r.t. the metric tensor, we get
(81 + sn™ x
(05 +sQ5) = 0",
hence at first order we get
SQPY + sQVF =0
= Qu = —Qy,.
We use this to note that this gets us exactly %3 -4 =6 = 3+ 3 degrees of freedom,
split across 3 for rotations and 3 for boosts.

Note that det A = 1 is automatic near the identity, so we need not impose it.
The scalar field now transforms as

l'x)a

plx) = p(A™
hence
(A™HE = §# — sQE + O(s?).
Hence substituting back we get
P(AT ) = plo — 50 - )
~ p(x) — sz Oup(x) + O(s%),

so in linear order, the LT has the effect of producing a linear shift in the field. This
helps us identify the variation in the field, with the infinitesimal L.T.

p(z) = o(z) + dp(2),
where

dp(x) = —sQbat0,p0(x). (5)

12
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3.6 General Story for Symmetries

Useful to understand the internal symmetries of the standard model. A good source of
internal symmetries is to have multi-component fields, i.e. the field space being a vector
space, be it real or complex. Let us consider the case of complex fields, which live in
cn.

Warning. Note that we are really considering scalar fields with multi-components,
not vector fields!

Denote
1/;: R — cn,
with inner product
(1, 2) = 9] - .

Idea of a group representations: a Lie group can act in different ways on vector fields
of various dimensions, as witnessed by the datum of a representation.

Definition 3.12. An n-dimensional representation D of a symmetry group G
D : G — Mat,(C),
which preserves group multiplication, i.e.

D(g1 - g2) = D(g1) - D(g2).

In physics, we really want to focus on unitary representations:

Definition 3.13. We say a representation D of G is unitary if
Vg € G.D(g9)~" = D(g)".

If we have a unitary representation, we can write down a Lagrangian that has exactly
that symmetry:

-,

L= (6/141;’ au/l;) - V((Jaw))a
is invariant under
b(x) = @' (x) = D(g) - b(x),
for all g € G. To see this, it suffices to show that
(6, 4) = (D(g) - &, D(g) - )
= (D(9)" - D(g) - ¥, %)

= (¢, ),

by unitary. This works in generality!
The simplest possibility is that G = U(n), i.e. it is itself the group of unitary n x n
matrices. In this case we can take the fundamental representation

Vg € G.Dr(g9) =g.
This gives us a global symmetry of U(n).

3.7 Noether’s Theorem

13
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| Idea. Continuous symmetry give conserved currents.

We want to describe continuous terms in terms of variations of the field

p(z) = o(z) + dp(x),
dp(z) = X(p(z),0p(2), .. .).

In the case of a Lorentz transformation, we can take A = exp(s(Q2).
X = —sQz"0,0(x).
In the even simpler case of a translation
p(x) = oz —e),
for some constant 4-vector €”. Expanding to first order
X = —e0,9(x).

As we have seen, in general, the Lagrangian density itself is not invariant under these
symmetries. For the variation of L(x), we get under LT that, since £(z) is a scalar field,

= §L(x) = —sQEx"0,L(x)
— —s000, (2" £(x)

since Q4 = 9§}, = 0 by contraction of symmetric matrix with an anti-symmetric one.
Hence we can express 0L in terms of a total derivative.
For translations, £(z) — L(z — ), we can see that

0L(x) = —e*0,L(x),

and we get again a total derivative.
We'll see that this matches a general picture. Assume for the moment that for a
general symmetry,

5L(x) = 9, F", (6)
for some F* = FH(p(x), 0p(x),...).
Now the variation of the action is given by

3,1 3,1
852/ d4x5£:/ d4:c8#F“
R R

= / s, F" (Stoke’s),
OR3:1

where s, is a surface term, though not necessarily zero, as some fields may fail to decay
to zero at infinity. This is actually what we want to be a symmetry, it need not vanish
at infinity, but it is allowed to be a surface term. This is what will allow us to have
non-trivial symmetries which lead to currents. Note that surface terms do not affect the
EOM by Euler-Lagrange.

Other half of the story for Noether’s Theorem: conserved currents. Hence

j“(.’);‘) = ju(@(l’)a 890(1’), - -)a

14
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which we study for scalar fields, but has straightforward generalisations for more general

fields. Hence the conservation equations are

5" = 0.

But this need only be the case when ¢(x) obeys the Euler-Lagrange Equations!

Let us explore the consequences of conserved current.

Ju(x) = j”(i",t) = (jo(f,t)7j(f,t)),

which will refer to as charge density and current density respectively.

Definition 3.14. We’ll define total charge in any region of space V C R?

Qu(t) = /V PBaiO(F,1).

Since by Equation 7 we have d,,j" = 0, we get

0. =

/—\l

1) =0,
and thus
d . 3 3 .0/ =
Gavo = [ dag i@
:—/d?’ﬁ.f(f,t) (8)

=— / dS - J(zt)  (Stoke’s),
ov

(7)

this gives the flux through V. We now consider the case that V = R? and ¢(z) — 0

as |Z| — oo. The total charge then

where

d o Tis
%Q(t) :f/aRSd&J(x,t) =0.

This is a familiar picture, but will be immensely useful in our quantum picture. For
example, if we have a bunch of particles that obey conservation of charge, even if their

total number changes, this constraint will remain on the results of our QFTs.

We now want to prove that

| Theorem 3.15 (Noether). Continuous symmetries imply conserved current.

Proof. We have

oL oL
oL oL

= 9,07 % (W) %0+ O (a(‘;fww)
=[5~ (a.7)] %o+ o (3a%%)

~ 9, (E)(Zf@&o) (by FL),

15
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hence
oL
L=0,| =———X . 9
Define now
oL

iH(x) == X(p(x)) — F*(p(x)).

()= g X (o) — P (o)
Comparing Equations 6 and 9, we get

0" =0, (55 X(@)) ~ 0P (ule) =0.

O

The proof tells us that once we know X (¢), i.e. how the scalar field transforms, and
F(p), i.e. the variation of the Lagrangian, we can compute the conserved current.

Let us apply the previous to a scalar field. Recall we had

dp(x) = X(p(x), 0p(x))

0L(z) = 0, F"(p(x), Op(x)).
Then

oL
i (x) i= ————X — FH,
= 50,

obeys 9,j* = 0. We have four symmetries at play here. For translations, given some
€ ~c,

ot — xtet,

p(x) = oz +¢)
~ p(z) + " (@) + O(e?),

up-to first order. Hence

dp(z) = +e"dup(z)
SL(x) = +e"8,L(x)
dp(z) =" Xo(p)

6L(x) = "0, F} (),

thus this gets us

XV = 0pp
Fb =61L

By Noether’s Theorem, we get four conserved currents, which we encode in the following
tensor:

Definition 3.16 (Energy-Momentum Tensor). The energy-momentum tensor
is defined as
oL

T = ———0,p — d5 L. 10
6((%@) 4 (10)

16
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We can show this is conserved by computing for each v € {0,...,3} we get
0, TF =0.

This gives, for v = 0,
E= [ &z7%,
R3

and for v =1 € {1,2,3}
(QB)I :/ d3xT0i
R3

p’ = / d3zT"%.
R3

Example 3.17. Let us consider the case of the free scalar field

1 m?2
L= 350up)(0"¢) - 7s02,

hence

which by Equation 10 becomes
T = 00" p — " L.

By setting p = v = 0, we extract

E= / d32T0
]Ra

1 1= 1
= / >z (<,b2 + = |Vp|* + m2902> >0,
s 2 2 2

where ¢ = O;p.

4 Canonical Quantization

We’ll now start the process of quantisation, the process to construct a quantum field
theory out of a given field theory.

This will involve the process of canonical quantisation.

Our recipe for constructing a quantum field theory out of a classical one will be
closely based on the recipe one follows to construct quantum mechanics of some finite
dimensional mechanical system, given its classical mechanics in the form of a classical
Lagrangian or Hamiltonian.

But in order to do this, we need to formulate classical dynamics in the right way.
Though the Lagrangian formalism has some advantages when it, as discussed in the
previous lectures, the Hamiltonian formulation is more useful, especially when it comes

17



4 Canonical Quantization

to quantization. We will cover in AQFT a direct approach to quantisation that doesn’t
need Hamiltonians, through path integrals.

We start with a system with NV degrees of freedom and consider a Lagrangian
L({qi(t)},{qg:(t)}. Then the Hamiltonian is obtained by Legendre transform,

Definition 4.1 (Conjugate Momenta). The conjugate momentum is defined by

oL
d4i(t)’

pi(t) (11)

Definition 4.2. The Legendre transform to define the Hamiltonian by

N
H({a:}, {p:i}) =D _pidi — L, (12)
i=1
eliminating the ¢; by Equation 11.

Definition 4.3 (Poisson bracket). The Poisson bracket is an anti-symmetric pair-
ing of functions F = F(p, q),G = G(p, q) defined by

N
OF 0G  OF 0G;
F,G} = — .
{ } ; 0q; Op; Op; 0¢;

Example 4.4. Trivial consequence of g;, p; being distinct degrees of freedom is that

We use this formalism by specifying the state at time ¢ = 0, by providing ¢;(0), p;(0).
These are really coordinates on a symplectic manifold called the phase space. Then
the time evolution are generated by H(gq,p) by the following law for any F(q, p):

F={F H}. (13)

Remark. Here we start seeing the shadow of quantum mechanics! There is a
resemblance between this and Schroédinger’s equation.

Example 4.5. For example,

. OH
. 0H

These are called Hamilton’s Equations, and are entirely equivalent to the Euler-
Lagrange Equations.

Example 4.6. If we have a conserved quantity, () = 0, then this holds iff {Q, H} =
0.

The main advantage of the Hamiltonian formalism when restricted to classical dy-
namics is the ability to eliminate time derivatives, allowing us to just think of the ge-
ometry of the phase space as a manifold. However, for our purposes, this is the starting
point of the process of quantisation.

18



4 Canonical Quantization

4.1 Quantisation

In quantum mechanics, states are vectors (really rays, equiv. classes of) [¢) in a Hilbert
space H. The observables F(q,p) replaced by Hermitian operators F' : H — H.
The simplest form of quantisation is called ” Canonical Quantisation”, and was dis-

covered by Dirac. It essentially amounts to swapping the Poisson bracket {—, —} with
a multiple of a commutator %[—, -]
Now ¢; — @, pi — Di, and, though [G;,q] = [pi, ;] = 0, we have the non-trivial
commutator
~ o~ 1
[Qiapi] = %6”‘-

Following this rule, we have to replace the classical Hamiltonian H(p, ¢) with an operator
H (p,q). But if we have a non-trivial combination of ps and gs, such as p?¢?, then it is
underspecified which combination of them we should pick when they stop commuting
as operators.

Now, Schridinger’s equation is given as

0 5
i [U(t) = H[9(t),

by Ehrenfest’s Theorem.

4.2 Towards Quantising Field Theories

Field theories can be thought as an infinite dimensional dynamical system. The ¢;(t)
are replaced with (&, ).

In applying the Hamiltonian formalism, we need to work with a particular notion of
time, so it forces us to abandon overt Lorentz invariance. So we need to check after the
fact that our choices of inertial frame is really Lorentz invariant.

Our main obstacle now is that the ¢ label, discrete, is replaced by a continuous
# € R3. Many issues in field theory stem from this.

There are two separate types of ”infinites” that show up here:

(i) IR, or large distance problems, a problem due to R™ not being compact, and &
not being bounded.

(ii) UV, continuous infinity in Z, which gives us problems in the very small.

To deal with both of these, we need to do something drastic. To deal with (i) we put
the system in a box, and impose boundary conditions. To deal with (ii), we discretise
space, and work with a space lattice.

Definition 4.7. The conjugate momentum for the field variable ¢ is defined by
oL

m(Z,t) = W

Now the Legendre transform becomes

H(T, 1) = n(Z, 1) (T, 1) — L.

—

Eliminating the time derivatives we get, H = H(p(Z,t), 7(Z,t)) the Hamiltonian den-
sity.
To actually get the Hamiltonian, we integrate

H= dPaH(Z,t).
R3
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4 Canonical Quantization

Example 4.8. Consider our generic scalar field theory in 4-dimensions

L= 5(0,9)(0"9) ~ V(9)

Lo lg o
— 2 = —V(p).
5% 2IWI (¥)

Now compute the conjugate momentum

. oL P
m(Z,t) = @D (T, 1).
Thus this gives
H=nmnp—L

1 1 -
= 5772 + §\V<P|2 +V(p)

— T0,0

9

the 0-0-component of the energy-momentum tensor defined in the last lecture. Hence
this gets us

1 1 -
H= dr=m*+ Z|V|* + V(p) = E,
Ry 2 2

another point of contact between our scalar field theory and our classical formalism.
We can now apply canonical quantisation.

Start with {¢;,p;} = ¢ij;, and turn it into {op, 7(Z,t)} = 6®)(Z — §), the Dirac-6,
by our general framework by which sums in contractions get replaced by integrals.

We now suppress t, and replace ¢(Z) — @(#, and 7(Z) — 7((x)). We have the
commutator relations

[2(Z), 2(5)] = 0 (14)
[7(2), 7(9)] = 0 (15)
[B(2), 7)) = s (7~ 7) (16)

~ 1 5, 1=
= [ 57@+35198@+ V(o).

In general, making sense of the above for an interacting field theory is a very hard
problem. If we follow the naive answer, it’s really hard to get finite eigenvalues. In
physics, we care about interactive particles, depending on some coupling-constant. But
we can only deal with non-interactive particles, in free field theories. We will see in this
lecture that we can quantise free field theories, in the sense that we can work out the
Hamiltonian, and compute its spectra.

However, in the real world, we're often close to free field theory, where the problem
is tractable, and we can use perturbative methods.

Definition 4.9 (Free Field Theory). We say a field theory is free if the potential

20
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in the Lagrangian density is quadratic

1 m2
= — H _ — 2
L 2(5‘”@)(5 ®) 5

This has as a consequence that the equations of motions are linear, i.e. the Klein-
Gordon equations for massive field theory which is a linear equation,

0,0" 0 +mPp =0. (17)
By linearity, we can solve this by a Fourier Transform:

Bp oz

o) = [ e )

An in Fourier space, the equations of motion become differential equations in time-
only, i.e. it gets rid of the derivatives in favour of powers of momenta:

52 S ~
(g2 + 122+ m) 20 =
The solutions are given by linear combinations of various frequency waves
P(p,t) = Ape“™" + Bpe P,

where w% = |@]? + m?, with some conditions like A; = B_j necessary if we want to keep
our solution real-valued.

This solution will allow us to write out the free field theory as an infinite set of
decoupled (complex) simple harmonic oscillators.

Let us now go back to the action for the free field theory

S = /dt/d?’xﬁ(f, t)
1 d®p 0?
=_ [dt ¥ (1) | —== — 91> —m? ) @(p, 1).
5 [ [ Gi# @) (- g 7 - m?) B
This gives an infinite set, labelled by 7 € R? of complex decoupled simple harmonic

oscillators. When we compute the spectra, we will see this corresponds to an infinite set
of non-interactive particles.

4.3 Quantising Simple Harmonic Oscillators

To quantise this, we can quantise each simple harmonic oscillators (SHO), then add
it back up. Each (quantum) SHO is characterised by its angular frequency w. The
Lagrangian is given by

L=—-¢——
21~
2 2
P w
= H=" - —
2~ 27?
Quantising this, we promote g — ¢, p — P, respecting the relations
[?]\a ZI\] =0
D/?\vﬁ] =0
[¢,p] = ih.
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4 Canonical Quantization

Normally, we would look for a representation of this algebra, but for this specific case,
we can define creation and annihilation operators.

~ wAjL 1

a:=4/— ]
2q Twp

~ w 1

at .= . /=

=\ 3 q— EP; .
| Warning. These are not observables, as they are not Hermitian!
By the commutation relation of ¢, p, we get
[a,a'] = ih. (18)
We can use this to re-express our Hamiltonian as

=2 2
~ p wA2
H=—+—

2-1-2(]

1
5w(aaT +a'a)

1
= w(@a+ h).

Definition 4.10 (Number Operator). The number operator N is defined as a'a.
We have
[H,d] = —wha
[H,a7] = +wha.
Thus for an energy eigenstate |E), i.e.
|E) = E|E),
we get by acting with our ”ladder operators”
H(a'|B)) = (B + hw)(@' |B))
H@|E)) = (E - hw)@|E)).
To fix the quantisation, we observe that either
(i) The spectrum is unbounded below,
(ii) There exists |0) € H such that @ |0).

Then, since option (ii) is the only physical one, we get

" 1
H|0) = (waTa+ 2hw) |0)

1
5hw0).
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4 Canonical Quantization

| Exercise. Check that @' does not annihilate any excited states.

This gets us an infinite tower of excited states.
Definition 4.11 (Excited States). We label our excited states for n € Z>( by
) := (@")" [0).
By definition, we have N |n) = n |n). Moreover,
~ 1
Aln) = (n+ 5)holn).

and the energy E,, = (n+ %)hw, which is not normalised in general, i.e. (n|n) # 1.

4.4 Back to Field Theory

We have
o7 d3p 1 ~ __ipx | ~T —ipx
7@ = [ 5 verr N (19)
2
(= d3p . Wp [~ ipa ~T —ip-x
(%) :/W X (—1) 717 {aﬁe” —a;;e P } (20)

Claim. The commutation relations given in Equations 14 are equivalent to

[a5,dq) = [al,al] =0,

q
[y ay) = (2m)°6@ (5 - ).

o~ N[ = ] d3 d3 Wg
[2(2), 7(§)] = —5/ (2733 (27T6)13\/:ﬁ><

~ _ip-w ~t _—ipx ~ __iqy _/\T —iq-y
[ape + aze , A€ aze } s

Proof. We check

by Equations 19. By Equations 18 the only interesting commutators are the inner and
the outer ones, which give

_ (_eip.z—iqy[aﬁ’ag] + e—ip-x-‘riqflj[a;’/a\d{l)
= —(2m)36B) (5 — @) [eip-r*itry + e*ip-eriq-y] )

We can now do

[ pomi-a-.

which sets p'= ¢, and thus gives us

[2(2),7(9)] = % / (3;1)’3 [eiﬁ.(ffﬂ) + efiﬁ(ffy*)}

=i6®) (& — 7).
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We then want to evaluate the field-theoretic Hamiltonian in terms of the creation
and annihilation operators, by plugging our Fourier expansions into the Hamiltonian.
We do this by taking

ﬁ:/w SR@) + 56|+ m?F?

and expand it out by writing out the squares as double integrals with a Kronecker-delta
term. We then note that

(i) All terms look like e*7 or ¢+i0'%

) We then do the d*z integral, getting (27)38) (&5+q) integral, which sets ¢ = %7,
(iii) Then look at the operator dependencies with 4-terms aza_gz, aJ[.aT & asak,al

)

7 Ap

We then collect coefficients, setting wy = 1/[p]2 + m?2, getting

N 3
H:l/dp 1><
4/ (2m)3

(—wg + P + m®) (@505 + ay
(w% + |1512 + mz)(aﬁaﬂ + ata)

fal )x

(v) The first term simplifies to zero, the second to a factor of 2w127, so the integral gets
evaluated to

~ 1 d®p ot
H = 5 / W(dﬁ X [aﬁa;‘i_ a;a]. (21)

Note that this really gives an continuously-varying family of decoupled simple Harmonic
oscillators, which only happens for free theories.

Let us fully make the comparison between operator algebras and Hamiltonian for
our Quantum Mechanics SHO and the field-theoretic one.

[az,aj] = héy;
n
Z w— aza +a! az]
i=0 2

The kind of infinity appearing in our field-theoretic Hamiltonian is not an entirely harm-
less one, and as we will see, it will introduce the first kind of divergence.

Let us now move to compute the spectra of our Hamiltonian in Equation 21, first
by considering the vacuum state |0), which obeys @;|0) = 0V € R3, with the vacuum

energy Ey given by H |0) = Ey |0). Before we do this though, we need to put Equation
21 in normal ordering, by rewriting

azas + dbay = 2a5ay + (2r)%64) (0)
~ dgp At
— T = / E S Wl + /d3pw553
which if we take seriously, it would mean that Ej is given by
1 ~
Ey = §/d3pwﬁ(5(3)(0) = 0.

We observe that our expression for the vacuum energy is infinite in two different
ways:
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(i) IR: large distances/low energies, the fact that § takes values in the whole of R3.
Recall the usual representation of §(3) as an integral

2m)20® () = | dPxeT.
R3
This is a tame divergence, as the cure here is just to work with a space of large
but finite volume L > m™!, and take = € [ %, £]. This means that
+3 L
(27)%6®)(5) = lim dBreP* = lim Vg,

L—o J_ L L—oo
2

where Vi, = L3.

(ii) UV: the cure for this divergence is to move from computing vacuum energy to
vacuum energy densities, i.e.

E(L)
= 1 0
£0 Llan;o 143 ’

where

where wy = /|p]? + m2. This shows that we’re really integrating over the zero-
point energies of all these oscillators. But we are still dealing with arbitrarily
high frequencies, coming from arbitrarily large wave numbers of the oscillator
modes concerned. This is an example of a UV divergence, related with high
momenta/small wavelengths, which shows up even when we put our theory in a
box. To solve this, we need to think about the behaviour of the theory at short
distance. There is a dirty trick to solve this, and a more conceptual one.

We fix our UV woes by introducing an UV cut-off, some energy scale above which
we cut off the momentum. This means that both position and momenta are bounded
by some box. For it to be a cut off, we want it to be much larger than the energy scale
and mass scale of our theory, i.e. our UV cut-off A > m > L~!. This yields

€(A) :/ ddp —Wz
0 Fleen (2m)3 277

_ A /A 24151/ £ m?
—2(70\131 1p1V/ P12 +m

)3
1 _ n?
— 167T2A ! {1+O(A2)} .

—_

The alternative to this momentum-box is to put the theory on a space(time) lattice.
So instead of working with a manifold R3, we work with some lattice Z3. There the UV
cut-off A oc 2ra™!, where a is the lattice spacing. In a lattice, the energy density scales
as

1 1

€0 X — ——.
at 1672
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Though we can avoid it for free field theories, for interactive field theories we need
to renormalise seriously, before taking the continuum limit a — 0, A — oco.

In the specific case of free field theory, instead of using UV cut-offs, we can use
an alternative quantisation. Remember that when quantising, we have some liberty in
picking various alternatives. This is the subject of normal ordering:

Definition 4.12. Let X be a monomial in a,af. Then the normal ordering : X:
of X is obtained by placing all quantisation operators to the right.

Example 4.13. We have

:a(@h?aat = (ah)%a>
For the free field theory, this gives the new Hamiltonian

~ ~ 1 d3p ST
Hyormal =: H := 3 / Wwﬁ: [aﬁa;—k a;gaﬁ] :

_ d*p PEDN
= | Gapertr

Hence ﬁNorma| [0) =0 = (20)Normal = 0, as a consequence of annihilation being to the
right.

Question. Do we care about additive ambiguity/additive infinities? Without cou-
pling to gravity, only AFE are observable.

Answer. We'll eventually have to consider gravity, the only place where the absolute
energies matter. Recall that on the right of Einstein’s Equations

R, — %Rgm, =9rGT ..
In QFT, far from Plank-length, we will have
(0T,010) = 200
This is worrying because the thing on the right-handside is known as the cosmological

constant, which is not zero! The latest consensus in cosmology is that, give T}, o
AGpvs A o< (1073eV)%. We cannot get this in quantum field theory.

Recall that our quantisation of free field theories yielded
[ag.af) = (2n)°6°) (5 - @)

~ 1 d3p ST
H= 5\/ Wﬁ[aﬁa;—i— a;aﬁ],

with wgz = +4/|p]2 + m2.

4.5 Excited States

Our vacuum state corresponds to putting each decoupled SHO in its ground state. We
will study the excited states by acting with raising the ground state by 6;;.
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Definition 4.14. We define for j € R3, |p) := ZZ;\O).

We can either consider the normal-ordered Hamiltonian, or subtract off the ground
energy:

5 7 g g
H—EO = H:= /Ww,jagaq,

in other words we want to consider
(H — Eo) |p) = (H — Eo)al;|0)
= Gl(H — Eo) 0) + [(H — Eq),a}]0)

where the commutator obeys

This means we have an eigenstate
(H ~ Eo) |p) = wya|0) = wy 7).
Thus the energy (difference) of the 1st excited state is
E1 = Wp-

Let us work out the momentum. The classical momentum is given

pi :/d3xT0i’

where by our component-formula for 7" we have

T’U.D — 8/.L<pal/<p _ n/l.l)ﬁ.

Exercise (ES2.1). Compute the canonical quantisation of the above, producing a
normal ordered momentum operator.

With similar manoeuvres as the ones we applied, we get

’:._/ d3p ot~
P= (27r)3p P

This has the consequence that

plp) = rlp),
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4 Canonical Quantization

hence this is really a momentum operator. This shows that the state |p) really does
correspond to a relativistic particle of mass m, momentum 7 € R3, and energy Ey =

+/1p1? + m?.

We also want to check that we have a spineless solution. This is sort of contained in
the fact that we only have an excited state E1, and not 2l + 1, which would correspond
to a spin-/ particle. But we can also check that the angular momentum J is zero in the
rest frame state.

| Definition 4.15. The rest frame state is defined as ’O> = lim; 5 p).

| Claim. We have J ‘6> —0.

4.6 Multi-particle States

| Question. What about higher states?

Definition 4.16. We define

[P1,. . Dn) =ar - al 0).

1 Pn

Computing the energy (E — Ey) is easy, since all these operators commute with each
other, and

(E_EO):Z Do

a=1

—

Pa-
1

p_’:

n
a=

Note that we do not need to assume p; # p; for i # j.
We can check bose statistics, for instance, checking that the particles we get are
identical:

RN |
Ipi, p2) = Qs Ao, 0)
=al.al. |0) = |p3,pi) .

Bose statistics are expected because we are dealing with an integer spin theory.
We now introduce a particle number operator

e dsp PRPN
N = 5
/(2@3 a

which obeys
Npi,...,pn) =n|pi,...,pn)-

For our free field theory, this operator commutes with the Hamiltonian [ﬁ , N ]=0,ie.
it represents the QFT equivalent of conserved quantity.
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4.7 Choices of Normalisations

Choose for the moment (0|0) = 1. Then
#10) = (0lagago) = (2m)*89 G5 - ).

This is not ideal, as it is not relativistically invariant, since the ”?§()” bit is not four-
dimensional. We can express this in terms of the corresponding the following com-
pleteness identity /resolution of unity:

N 3
1:/(571)93@@.

The left hand-side is relativistically invariant, but the measure is not. So we will tamper
with the metric, and then absorb those factors within the gets.
Our Lorentz invariant measure will be given by

/ dpy = / d*pé(pup* —m*)O(po),

where

G(x):{1 if 2 >0

0 otherwise

We can check that ptp,, = m?, is solved by p® and p* = (po, p) iff po = ++/[p]%> + m? =
Ep. Let us simplify this further

* d(po)* d*p
du, = d3/ x 6(p? — |p* — m? :/ .
[ = [t [~ st -ty = [ S

Rewriting the completeness relation

Ip) == \/2E5|P),

with p# = (Ep, p). This gives

R 3
1:/(371.;3@@:/(?;;3 p) (p -

This will be useful when we turn to computing scatting amplitudes.
Hence from now on, we will define our multi-particle states as

Pls. . o) = (H ,/QE%) x @l ---al. |0). (22)
a=1

4.8 Time-Dependence

So far we were in Schroédinger picture, where the time dependence is baked into the
states. For p(%) = pg(F) we have

% () s = (),
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4 Canonical Quantization

which means |p) — |p(t)), as governed by the Schrodinger’s equation

PSP =+ 1(0) = E5 )

Since the operators are time independent, we can integrate up to get an oscillating
operator

™ |p(0)) -

We will now include time dependence in the operators and move to Heisenberg
picture. This really amounts to an alternative choice of the basis for our Hilbert space
H. To get the Heisenberg-picture states, we define our states by undoing our time-
evolution

i
) = e ()5 -
At the same time, we define the Heisenberg-picture operators
61{ _ €+u§t656—iﬁt_
Define H-picture field operator

~ = eJrth/\

(t,7) = ) p(&)e

which works by unitarity of e*#t,
Exercise (ES2.2). Show directly that @(¢, %) obeys the Klein-Gordon Equations.

Let us consider the corresponding mode-expansion of @(z)g.

(2) :/ d3p 1 ((aﬁ)Heiﬁf+ (/a\;)He—iﬁ-i)7

) 2By

where explicitly,

(aﬁ)H — e+iﬁtaﬁe—iﬁt
d . PENER S
= (@) =ilH, @) n] = ~iExag)m.

This is a trivial commutator to evaluate, as for SHO we already know how ladder
operators commute with H. We now integrate up the differential equation:

(1) = ¢ (@)1 (0) = e e

2
~f _ +iEgt _ tiBEgtt
(a;‘)‘)H(t) =€ (@pu(0)=e ag-

Q)
N

Hence

20 = [ b (@@ + @), 23)

Cr) /255

where p-x = p,z" = Egt —p-&. This is another way of seeing that Klein-Gordon holds.
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5 Interacting QFT

Starting point for our discussion is more general Lagrangian
Lo o~ ~
L=350.90"0 = V(o).
The Hamiltonian

. 1.2 1 5 ~
Hz/d":ﬂ <2g0 +2V90|2+V(g0)).

To attain the minimum value, we set ¢(Z, t) = &y, the (global) minimum of potential.
Hence

ov

87{5‘5:% =0, (24)
oV

8(52 ‘5250 Z Oa . (25)

Without loss of generality, we set V(@y) = 0. We now consider an expansion of the
field around this minimum, by replacing it with its Taylor series. By change of variable
and assuming that V is analytic, we define

We want to understand £ = Lg + Lint, free and interactive part decomposition. We
use our understanding of the free massive QFT to write

1 m?
Lo = =0,00Mp — — >
0 5 (A% 5 ®
where
0%V
m2 = 87552|[5=$0 = 0.

As for L, we define it as

ZOO A

. _— n n

‘Clnt - n! SO )
n=3

where

v
An 1= Taﬂ’@:%’

Definition 5.1 (Couplings). We call the A, the couplings of the theory.

We can calculate only when the couplings are ” small”, whatever that means.
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5.1 Dimensional Analysis of Couplings

The A,s are not in general dimensionless, so we always need to talk about small w.r.t.
some energy scale. We note that [S] = 0 in our natural units, and moreover [z] = —1,
and thus [0,,u] = 41, which by FT corresponds to a momentum. But then

S = d*zL = [L] = +4
R3.1
= [Oupdtp]l = +4 = [p] = +1
= {)\"n('p} =4 = [\]=4—n.

Warning. This is all highly dependent on the underlying dimension of our field
theory. In our case, we only concern ourselves with dimension 341 field theory.

The n = 4 is very spacial, as \4 is the only dimensionless coupling constant.
Let E > m, the effective dimensionless parameter

An = /\n(la)ni4 — [)‘n] =0.

Hence our perturbation will eventually breakdown outside low-energy scales. Three
cases follow

(i) For n < 4, we have relevant coupling, involving negative energy scaling. Here
we have a weak coupling at high energy. Perturbation theory will only be good
at A\, < (E)*™", hence )\, < 1. For example, if we choose A\, < (m)*™", the
coupling will be small at all energies and perturbation theory will be good.

(ii) For n = 4, we have marginal coupling, perturbation theory will be good for
A < 1.

(iii) For n > 4, we have irrelevant couplings, and Ap = An (E)TPositive  Here pertur-
bation theory will be good at low energies only. When we look at loop this will
get into non-renormalisable quantum field theories.

Example 5.2 (¢%). An example of a genuinely renormalisable theory is the o?-
theory:

1 m>2 A
—_ Y 2 N4
L= 500up)(0"p) = 9" = 7,

which has marginal coupling.

Example 5.3 (©3?). We can also do this for the p3-theory, but that has an un-

bounded potential, so we really want to consider a @3 — p* theory.

Example 5.4 (Non ¢%). The (S-theory is not renormalisable.
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Figure 1: A classical scattering experiment.
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Figure 2: A QFT scattering experiment.

5.2 Scattering

The basic experiment in particle physics we prepare beams of particles and then either
aim them to other beams or against some target, and then observe the results of these
scattering experiments. We will now set up the formalism for scattering in QFT, starting
from the picture in classical field theory.

The basic setup is given by Figures 1 and 2 of short-range acting particles. In
the classical picture, depicted in Figure 1, the same particle emerge from the collision,
and moreover, we have conservation of total energy and momenta. Beyond this, what
happens depends on the interaction. Under the assumption that our interaction is by
short-range forces, we get particles moving freely for ¢ — 4oc.

Scattering in the quantum theory behaves differently, as shown in Figure 2. We
may choose to localise our wave-packets. Particle number will not be conserved, but
momentum and energy will, as there are associated Noether charges. The laws of QM
ask us to compute an amplitude

Aisyg = Jim (fit = +T/2) ™M Ji,t = =T/2)s,

for some initial |i,t = —T'/2) ¢, evolved with time-evolution. The obvious place to start
is the ¢*-theory, which when we look at loop-level expansions we’ll see is the highest
renormalisable power, something not visible at tree-level.

1 m22)\4

L= §(au90)(3”80) T YT ZP

1 g [ - . A
— H=Ho+ Hint = f/ d*x (WZ + V@2 + mg02> + —/ >z
2 RS 4' ]R3

8
\._/
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In particular, we will see that ﬁo and ﬁint will not commute, and moreover N is no
longer a symmetry. To deal with this, we will set A < 1 and use a perturbation-theory
expansion.

A key assumption that will come back to will be that particles are free at ¢ — +oo,
by locality. This has the consequence that |i),|f) are eigenstates of Hy. So initial and
final states have definite number of particles with a definite set of momenta.

Let us consider which picture we want to study this in, i.e. which basis for our Hilbert
space. We will work in the interaction picture, which is the Heisenberg picture w.r.t.
Hy and Schrodinger w.r.t Hine. In this picture, the states are given by

[(8))7 == et |(8)) g (26)
Oz(t) := e+iﬁ°t(’)se_iﬁ°t. (27)

Let us consider the time-evolution, by considering the Schrédinger Equation

% (1)) g = H (1)) g
1W(t)) g = e 1h(0))g .

In the interaction picture,

e 00y = i (1 (o))

= —Hoet ot [y (t)) 4 + eiﬁoti% (1)) g

= e A0t (Hy + Hine) [1(t))

= O i [0 (1)) 5 -
This gives
i), = Bit) 1), (28)
Hy(t) i= et it Hype= im0t (29)

Warning. A time-dependent Hamiltonian is a genuine feature of interaction-picture,
as there are non-vanishing commutators there.

| Question. Can we solve Equation 287

Let us get some intuition from ODEs, removing for a moment the operators, as
PSR () = g F ()
at =Y
1 t
= F(t) =exp (/ dt'g(t')) x F(0),
tJo

by using an integrated factor. The operator case is much harder, as in general we have
[Hr(t), Hr(t')] # 0. The answer will be through the concept of time-ordering.
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Definition 5.5 (Time-Ordering). Let 6(15) be an operator-valued function. The
time-ordering is defined as

O(t1)O(ts) if t1 >t
O

T[O(t1)O(t2)] := {a(tz) (t1) iftg <t

Theorem (Dyson). Equation 28 is solved by

)z =7 oo (3 [ )] oo

Proof. Let us expand the exponential

T [exp (: /Ot dt'ﬁII(t’)ﬂ

T[l—i—l/ dt'Hy (t +f—/ / de'dt” Hi (¢ H (t") +
=14= /dtHI // dt'dt" Hy (¢ H (t").
0o Jo

To check the LHS of Equation 28, we get

o= Z% {T [eXp <1 /Ot dtlﬁ[(tl))”

_ (fh(t) 07 | Ca B ) + ) ()

- <1+ /dtHI -)|¢(0)>s
Ao [exo (1 [ i )] lwons

| Exercise. Check this to higher orders.

| Remark. There is a very slick proof in | ] that works for all orders.
Lecture 12
Let us return to our scattering experiment Figure 2. We want to compute the
amplitude

Ay = hm (f,t= +T/2|e_lHt li,t =—-T/2)g = lim [M(T)].

T—o0

We will now work on the matrix elements of M(T'). We have
T T
2 2/

T T
<f, +2|z, +2>I
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Remark. This seems hard to calculate but is in a nice form to do a perturbative
expansion on it.

5.3 *-Scattering
We will specialise this to the ¢* theory.

1 A L
H=Ho+ Hint = 5/}}{3 Bz (w + |V<,0|2 + mp ) + — 1 / d3x<ﬁ4(x).
Converting to the interation picture, we get
ﬁ[(t) = €+iﬁ0tﬁint6_iﬁ0t.

In particular, the Heisenberg-picture field operator is given in terms of the Schrodinger-
picture field operator

— e-‘riﬁgt@(f)e—iflot

which gives
3 A 3,4
Hi(t)y== | d’zp*(x).
4! Jra
We now split p(x) in terms involving the annihilation and creation operators:

Definition 5.6. We define

—ip-xT

CLPG

l\D

‘Ui

d .
Te+zp':c’

where again p" = (Ej, p).

Proposition 5.7. We have §(z) = o1 (x) + ¢—(z).

Turing to scattering, we now choose an initial (Schrodinger-picture)

li)g = 1P, pn) = (H \/@a;a) 0)
P717~~-7PZL> = (H\/ﬁ ) |0>

In interaction picture, we pick-up phases which we ignore

|f>s:

IO fijg = 7 E Ji)g

)z = e % |f)g

li)y =e

Hence

Ay =17 [exo (331 [ atazt) |10
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5.4 Perturbation Theory

Note that this expression is really just a power series which defines the exponential, so
we can just expand for A < 1, and never solve exactly.

oo
Aiyp ==y NAY
=0

ALy = 3! [t [ T (B0 - 3] 0

We need to develop good technology to compute expectation values of time-orderings
of such strings of operators.

Let us remark on the tie with normal ordering. The normal ordering of that expres-
sion is much easier to compute, so we could rephrase the problem in terms of finding the
relation between the time-ordering and the normal ordering of these operators. We will
do this in the next Section, which will lead up to Wick’s Theorem. We will introduce
vertices and links, and this will leads to the formalism of Feynman diagrams.

We will start with the problem of evaluating Tb := T[@(z)p(y)]. Recall that if
20 > o0, we have Ty = p(x)P(y). We want to relate this to the creation and annihilation
expression, which we can do by the +-decomposition of @.

where

30,73
Dl —y) = [Be(0). 3-)] = | ot 5 explita-y = p- )i )

= [ exp(rilay —p )@ - )

(2m)6 2,/ EsEq

3
= / (;lwl))s 21E5 exp(—ip- (z — x))),

and thus in both cases we get

where A is the Feynman propagator

D(z—y) ifa®>y°
D(y—=x) ifa® <y

Ap(z—y) :{

We can define it in a neater way by considering its vacuum expectation value

Ap(z —y) = (O[T [p(z)2(y)]0) -

Since the Feynman propagator is rather ubiquitous, and will correspond to the lines
in the Feynman diagrams, we want to develop yet another representation for it, in
integral form.
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5 Interacting QFT

Figure 3: The Feynman contour.

5.5 Integral Representation for Ap

Ultimately we will try to move our perturbative expansion into Fourier space, so let us
define the Fourier transformed

d*p ) )
Tola — 1) —ip-(z-y)
F('r y) /;'F (27’()4 p2 . m2 €

Ep . Lipa-p) /
= [ P i@ o [ dpeT(po),
/]Rs (2m)3 ‘ Cr poJ(po)

where p* = (p°, p), and p- (z —y) = p,(z —y)", where the measure has been divided into
a time and spatial components. Note that we are using that in the time component, we
have py = p°.

We have

e—ipo-(z—y)°
(po)? — [p1? —m?”

Now the integrand has poles on the real axis given by partial fractions

J(po) =

1 1 1 1

p3—EZ 2By [po—Ey po+Ep|’

at pg = £Ep.
We can now see that

1 ; 9] 0
— 4~ FiEs(="—y")
RespoziEﬁ['](pO)} ==+ 2Eﬁ‘e L v )
where the Feynman contour given by Figure 3.
Lecture 13

| Claim. We have Ir(z —y) = Ap(z — y).

Proof. Noting that p° = Re[p°] + idm[p®], we can see that d(pg) ~ etompo)(=*—v°)
which decays rapidly as p° — oo in the lower half-plane, i.e. for 2° > y°, under the
assumption that Ompg < 0, and in the upper half-plane for 20 < 3°.

For 20 > 3°, we can close the contour in the lower half-plane at infinity, see Figure
4. By the fast decay, we can use Jordan’s Lemma, which ensures the contribution of
the closing bit of the contour will be zero. This allows us to compute the integral by
Cauchy’s Theorem, i.e. just by computing the residue at the pole on R*. We pick up a
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Figure 4: Closing the Feynman contour.

.
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Figure 5: The ie version of the Feynman contour.

minus because of contour-orientation:

d3 . “‘. ff_» .
Ip(z —y) = /(27:;426”7( 9 x (—2mi)Resyo—+p.[J(po)]

3
_ / Tp_ipe-p L —impa®—y°)

@3 2E;
dp 1 -
_ —ip(@-Y) _ Py —
/ (2’/T)3 QEﬁe (.’1? y)v
for 2% < 40, in the upper half-plane we get a contribution from the pole at py = —Ej.
Again by Cauchy’s Theorem and Jordan’s Lemma, we get that Ir(z —y) = D(x — y),
hence Ip(z —y) = Ap(z —y). O

The alternative representation for the contour and the integrand is the ”ie prescrip-
tion”, where 0 < ¢ < 1. Once the poles have been shifted off the real axis, as shown in
Figure 5, we can just integrate over the real axis. This gets us

dip ie~w(@y)
A —y)=1li . 30
rl@=y) e [/ (2m)* p?2 —m?2 + ie (30)

5.6 Wick’s Theorem

Recall that we're interested computing expectation values of time-ordered strings of
operators. Denote p; = §(x;), for some i =1,... n.

39
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Definition 5.8. The time-ordered product of the @; is defined as

T :=T[@1 - On)-

Recall that for n = 2, we derived that
T =T[@1P2] = £162 : +Ap(z1 — 22).

Definition 5.9 (Contraction). Define a contraction of a string of operators

@1@2@3@4 = AF($1 - $3)@2@4a

o~

by underlining notation. Then the sum over all contractions will be denoted C[@1 - - - @]

Example 5.10. We have
— I

[—

ClP1020304] := 01020304 + [P1P203Pa + - -+ ] + [010203P4 + - - - ].

Theorem 5.11 (Wick). For every n € N, and strings of operators ¢;, 1 < i < n,

we have

T(p1 - o] = Clon -

Proof. Induct on n. For n = 2, we have verified that
T =: (21(52 : —|—AF(1‘1 - 1‘2)

= 0102 1 +P1P2 =: C[P1Pa] = .

Assume Wick’s Theorem holds for all [ < n — 1. We wish to prove it for [ = n. Define
Tn:=T[1- - Pul,
and assume WLOG that 2§ > 2? for all other i, as we can always re-order inside the

time-ordering symbol. Now by inductive assumption, we can do

Tn=01T[p2- - Pnl

= (@ +71):Cl@2-- @nl -
= 31 ClBa Bl GOl Bul 1+ D F . BICB2 - Bi - B
1=2

But by our earlier calculation, we know that [p],%:] = [01,?; | = Ar(xi — y;). It just

suffices to now to argue that

T = 510Gz @l : 4+ : Cl@r1---Bi- - Pl
1=2
= G1C(@2 Pl + Y Cl@1-- i+ Pl = C[B1 Bl :
=2

Lecture 1)
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e e 0

Figure 6: Representation of contraction.
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Figure 7: The expansion in terms of Feynman diagrams.

5.7 From Wick’s Theorem to Feynman’s Rules

To show the computational power of Wick’s Theorem, we will compute in the ¢*-theory
the quantity

where
M = (0T [$*(w1) -+ ()] [0)
=(0]: C [@"(x1) -2 (2] : |0),

which is non-zero only if all fields are contracted.
In second order, this looks like

M(z1,22) = (0] @(21)@(21) (1) P (1) P(22) P(22)P(22) P(22) [0) -

We can represent these contractions as in Figure . This is the Feynman diagram
expansion of M. To do this in generality, we need the Feynman rules to be able to
convert the diagram into mathematical expressions.

(i) For a 4-way crossing z1, we add a factor of —i,

(ii) For a point-to-point from x1 to zo, we add a factor of Ap(x; — x2),
(iii) We then integrate over each spacetime point,
(iv) Take care of combinatorial factors.

We will not discuss (iv) here, as it is mostly a concern for loop-level diagrams, which
we’ll cover in AQFT.
Thus we have the series
(o)
(01810) = Z all vacuum diagrams with [ vertices,

1=0
being give by the diagrammatic expansion depicted in Figure 7. Clearly the diagrams
with loops will introduce UV divergences, as we can see that loop diagrams translate
into AF(O)
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Figure 8: Momentum not being conserved.

5.8 Scattering in Scalar Yukawa Theory

o? is too complex, so we will first study scattering in the Scalar Yukawa Theory. This
is a theory of one complex scalar field and one real scalar field. Our real scalar field will
be ¢, our complex one 1, with masses m and M respectively.

The Lagrangian will be given by the sum

00" )(0")) — M2y
2
(0up)(@"9) = T5-¢* = g™V

E:

—

DN | =

+

The nice thing about this Lagrangian is that it preserves the U(1)-symmetry, which
is given by ¢ — e, p* — e ). Note that we have [g] = 1, so to have relevant
interaction.

The interaction picture field operators are given by

-~ d3 1 ~ _—ip-x ~ ip-x

cp(x):-/(%f;g 263(&56 P —Q—a;eer )
- d3 1 —ip-x 1p-x

¢($)=/(27:;3 \/27_‘(() e P —‘rcT +ip- )
R 3p

@) /é)%;pfwmmfwm

where £ = /|p]?2 + m? and Ez = /|p]?> + M2. This allows us to derive that the only

non-trivial commutators are
(a5, a5 = (b5, = [E5.H = (2m)*6®) (5 - q).

Hence the vacuum state for the free theory with g = 0 is given by for all 5 € R3

)

G50) = bz[0) = &5 |0)
(0]l = (0 bl = (0] e} = 0

Thus we have particles of the 1 field given by

2E5b110) \/2E5¢5|0)

which both have energy £ = Ep, Q = —1,Q = +1. We will consider now a scattering
experiment in which initial and final momenta are not equal, as depicted in Figure .
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We set initial and final states as

V2E; \/2E bl b |0)

V2E 5 /2B b b (0)

hence we want to compute for S=T [exp (% Ik dzx@ﬁ@)]

~

Aisp = (fIS i) o (0] by by (- )bL DL [0),

where (---) needs 1%2@@ to be non-zero. Hence we want to consider our expansion of
the exponential up to second order O(g?), as that will be our leading order expansion.
Hence

Alﬁf = (%)2/d4x1/d4x2Mv(x1,x2) (31)

Ma1,22) = (f| T [s’a(xl)&*(xn@(m)ém)@*(ml)&(xl) i) (32)
= AW (@1 — w2) (f] - DT (21)D(@1) DT (w2)D(w2) - i) (33)

Remembering that only the bt oscillators contribute in the mode expansion, we can
immediately resolve the normal ordering:

.//\/lv(l‘l,xg) = A%‘p)(l‘l — 1‘2) X N
= (f1 9 (@) 0T (22) x 1 x P(a1)d(a2) |i)

by the usual trick of insuring a resolution of identity expressed as a sum of a complete
set of eigenstates of the free Hamiltonian Hy

L= > )@ =0)0+> > [¢)@
l[y)yeB n>1|y)eB,

But then we note that only contributions from the vacuum state matter, hence going
back to N we can write

N = (19 (@)d (w2) x 1 x §(ar)d(ws) |i)
= (f| Pt (@1)d ! (22) x 0) (O] x W(a1)(ws) |i) ,
which we decompose as N = N; Ny where

<0|7J1(~T1) (302) |4)
= (f] 9 (1) (x2) |0)

We have
1

Ni = \/2E5\/2Ep, / / a \/ﬁ \/ﬁ e~ PTITig T <0|gﬁg§%\;€;|0> .

Applying the commutation relations, we get that

(0] bbgblbL [0y = (2m)° (8 (5 — 1) (g — p2) + 0P (5 — p2)d (7 — ph),
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which we can reinsert into the integrals to kill them. This reduces to

M — (6*2;01%1*2102'932 + 6*2101'932*1102'961)

Ny = (e+ip'1-zl+ip’2~rz + e+ip’1-x2+ip’2~ml) .
Hence reinserting this into Equation 33, we get

2 1 g 2 d4k Z —ik-(x1—x2
T e ——

2m)4 k2 — m?2 + e

1 /7g\2 d*k 1 4 4
==(= d d
2(1) /(2#)4k2—m2+ie/ CEl/ 2

(6“31-(*kJrP/l*Pz)eiwz-(k‘H’/z*Pﬂ + eizl-(7k+p/2*171)6ia:2~(k+17/1*Pz) + same with swapped .’E1,1'2> .

We now use

/d4xe+ip'x = (2m)*0W (p).

This gives
‘ d*k i
A2, = (~ig)? / e —m? e 2m)* [0 (—k + pf — p1) - 6 (k — ph — p2)

+ 00 (k4 py = p1) - 8 (k — py — p2)]
1 N 1
pr—py)?—m?+ie  (p1—p3)* —m?+ie

i

= i(—ig)*(2m)*6'Y (p} + Py — p1 — p2) X (

which is non-zero only when p} + p5 = p1 + p2. This gives energy-momentum conserva-
tion, but we still need to discuss the ¢ — 0 momentum. This gives pj + p5 = pi’ + p5’,
and moreover By + Ey, = Ejy0 + Ejy, where Ey = /[p]? + M?2. Since our answer is
Lorentz invariant, we can move to the COM frame, where

pi+ps=pi +p5 =0,

Moreover, since (p; — pj)™ = (0,p7 — pi’), hence (p; — p)? < 0, hence this is a
space-like vector. By reducing the same to the other vector, we can show that it is safe
to take the limit ¢ — 0. This shows we can get
1 1

pL—py)?—m

AP = i(~ig)*2m) 8D (p) + ph — p1 — p2) X (

5.9 Feynman Rules for scalar Yukawa Theory

Once we did the computation in this hard way, we can develop a graphical calculus, i.e.
the Feynman rules, that will allow us to replicate the computation more cleanly.
The Feynman diagrams will be given by the following:

Claim. Non-trivial contributions to (f] S-1 |i) are in bijection with Feynman
diagrams.

Proof. We get the Feynman diagrams as in Figure 9 by
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Figure 9: Lines and vertices for Feynman diagrams.
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Figure 10: Feynman rules for lines.

(i) Choose a direction for time.

(ii) Draw an external line for each particle in |i) and each in |f), labelled by their
on-shell momenta,

(iii) Connect external lines with vertex,
(iv) The internal lines connect the vertices.
We then use the Feynman rules to associate each Feynman diagram to a contribution.

(i) We assign propagators to internal lines, where we allow k? to be off-shell momenta,
i.e. their Oth component is an independent DoF, as in Figure 10,

(ii) We assign to each vertex a §(*) function enforcing momentum conservation, as in
Figure 11,
d4

(iii) Integrate all internal momenta with [ ﬁ7 which soaks up all the momenta-

conservation delta-functions.

These are called momentum-space Feynman rules, and can be thought as a Fourier-
transformed version of the old Feynman rules. O

Example 5.12. Our earlier scattering experiment is depicted as in Figure 12. The
leading order diagrams will have four external lines. There are only two topologically

Figure 11: Feynman rules for vertices.
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KN A

Figure 13: Particle and anti-particle scattering.

distinct Feynman diagrams up to scattering order. This gives
i i
/\2 2 + /)2 2
(p1=p1)?=m?  (p1—py)*—m

(2m)46™W (p1 + p2 — P, — ph).

These kinds of calculations will always produce an overall §-term which enforces
momentum preservation.

Last lecture we developed specific Feynman rules specifically for the scalar Yukawa
theory and for the specific class of observables we care about, i.e. scattering amplitude.

Let us now compute the scattering of a particle and anti-particle pair 14 — ¥ +1).
The Feynman diagram up to leading order looks like Figures 13 and 14. At order O(g?),
we need to discuss which diagrams are allowed and which are not, a loop issue. For
example we may get a Fermion loop.

+¢ g+
7 o

0

Figure 14: Particle and scalar scattering.
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6 Fermions

We will look at a way to derive the Feynman rules, i.e. derive the rules for just the
vertices, once we understand the propagators for certain fields, directly from the Hamil-
tonian.

This saturates our discussion for scalar fields. We will then move to particles with
spin. We will first discussion Fermions, and then Bosonic fields.

Recall that a scalar field transforms under a LT by

p(x) & (A x),

which after quantisation produces a @, which has a mode expansion which creates par-
ticles of spin 0.
Let us recall the non-relativistic description of spin in QM. We model spin by in-

troducing a spin operator S = (3;3;,3’:), modelled on the old theory of angular

momentum. The total spin is then given by S, and we may take particles of spin half

integers s = 0, %, 1,..., which gives (2s 4+ 1) spin states, i.e.
5% |s,5.) = s(s +1)hs, s.) .

Now the most familiar case is for spin % which is [1) , [{). Mathematically, we want to
see this as an irreducible representation of the rotation group, or rather for the covering
group of SU(2).

To move to the relativistic case, we want to think about representations of rotation
groups in terms of sub-representation of non-trivial representation of Lorentz groups. In
other words, we need spins transforming in non-trivial representations of Gp.

Recall that G, being a linear Lie group we may realise it as a group of matrices
A € Maty(R) such that A -n- AT =n,det A = +1.

Definition 6.1 (Representation). A representation D of G, of dimension N is
an assignment

D:G— MatN((C),

such that det(D(g))—-0, D is smooth and is a group homomorphism, i.e. D(A;) -
D(A2) = D(Aq - As).

These matrices D(A) act on the vector space CV by multiplication.
We say a field

v:R* — CV,

transforms in a representation D of G, if

N
W) 2595 W (2) = 3 D(A)ap¥r(A~! - 2).
B=1

Example 6.2 (Scalar Field). Scalar fields p(z) — ¢(z~!) transforms under the
trivial representation, i.e. N =1 and D[A] = 1.
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Example 6.3 (4-Vector Field). A 4-vector field
Ar(z) & AAY (A - 1),

transforms under the fundamental representation given by N = 4 and D[A] = A.
This will eventually give spin-1 fields.

Question. How to construct a new representation of the Lorentz group to give

spin-3 particles?

Answer. Use the fact that G, is a Lie group, and construct the representation on
the Lie algebra IL(GL), and then exponentiate through

exp : L(GL) — GL.

This is how we will construct the spinor representation of Gp..

Warning. The exponential map need not be injective or surjective.

Definition 6.4. A representation of a Lie algebra L(GL) is a linear map
R: L(GL) — MatN((C),
that preserves the bracket, i.e.

VX,Y € L(GL).R([X,Y]) = [R(X), R(Y)].

Suppose now that we can parametrise the elements of the Lie group, at least in a
neighbourhood of the identity by exponentials A = exp(X), X € L(Gr). Then if R is a
representation of L(Gp) then D(A) = exp(R(X)) is a representation for G.

Remark. Lots of Lie groups have the same Lie algebras, so D yields a representation
of the universal cover of G, of G, i.e.

e: CAY'Z — Gy,
which is globally 2:1. This is simply connected for simple Lie groups.
Example 6.5 (s). For SU(2), we get SU(2) 2 SO(3). This is immensely im-

portant since G, = SO(3,1)" « G SL(2,C), as that is, remarkably, what the
quantum theory really sees.

Proper Lorentz transforms lie in the group Gy = SO(3,1), for A = exp(w) € G, we
get an anti-symmetry condition

AeGr = A-n-AT =9
= " + W =0.

Hence our Lie algebra will be

L(GL) = {w € Maty(R)|w +w' = 0}.
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This has a basis of 6 = (4 x 3)/2 generators, which we label as
MPT = — MOP,

where (MFP?),,, =0ty —n°#nP”. With this basis, we can write a general element of
L(GL) as a linear combination given by

1
W = 3 Qe (M7,

where we may take w.lo.g. X,, = —X;, to be anti-symmetric. To understand the
bracket, we may just specify it between any basis elements, which will give the structure
constants of the Lie algebras. Formally

[MPG,MTV] _ UGTMPV _ UPTMUU + ,r]puMa'r _ UUVMPT. (35)

Lecture 17

Correction: for the particle anti-particle scattering, we could also draw another tree-
level diagram, in which the two vertices lie horizontally.

To construct spinor fields, we will need non-trivial representations for the Lorentz
group. Last time we wrote an explicit basis for the Lie algebra of the Lorentz group.
Having picked this basis, we can pin-down the Lie bracket by specifying it for the
generators, and the rest is determined by linearity. This is given by Equation 35. We
can use the Lie algebra to reconstruct the Lie group itself, through the exponential map
in a neighbourhood of the identity. Taking a proper orthochrounous A € SO(3,1), i.e.
one in the connected component of 1, we can express it in terms of A = exp(%ﬂpg/\/lw).

Of course, general LTs will correspond to various combinations of rotations and
boost, but we can work with this formal in the specific case of rotations, i.e. where the
space-like components vanish, i.e. Qpy = Qp; = ;0 = 0. By anti-symmetry, we can
parametrise 2 by

k
Qi = —€ijryp”,

where @ = (¢, ©?, ©?) is the rotation 3-vector.

Exercise. Setting ¢! = p? = 0, show that A = exp(—ng./\/llz) acts on a 4-vector
as a rotation about the z-axis with angle .

Let us recall that our goal is to define fermionic fields. From the non-relativistic case,
we know that their distinguishing feature is the property that a rotation of 7 in space
does not bring you back to where you started, but you pick up a factor of minus one.
We will construct a new representation of the Lorentz group that is suitable to describe
this half integer spin situation, and then go back and check that it has this property.
The way we will proceed is by a trick used by Dirac himself, which is to first develop a
representation for a simpler algebra, called the Clifford algebra.

6.1 The Clifford Algebra

We will mostly treat it as an auxiliary object for the moment.

Definition 6.6 (Clifford Algebra). The Clifford algebra has four generators 7%, !, 72, v3
satisfying commutation relations

{7} = Aty oyt =2 L
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It admits no representation in dimension less than 4. Recall that if we have Pauli

matrices
({0 1\ [0 -1\ (1 0
7=\lo 1)>\1 o) \o —-1))°

i.e. 005 = 51']'1 + EijkOk, which obeys {O’i,O'j} = 25”1
We can get the smallest non-trivial representation of the Clifford algebra by setting

o_ (0 1
(1 5)
i 0 0
V= _O_i 0/

SP :Z[VPKY ]=§7p7 - 5L

Indeed, we can check that

This produces
[SHV| §PT) = P GHT — P VO | Ho VP _ o QP

| Exercise. Check this.

This shows that this gets us a representation for Lorentz algebra, hence we call it the
spinor representation, which is really a representation of the simply-connected cover
Gr = SL(2,C) which maps 2:1 onto G, = SO(3,1). The representation is given for
A€ G, A = exp(39Q,,MP7) maps to S[A] € Mat,(C) given by S[A] = exp(££,,577).

Example 6.7 (Rotations). In the specific case of rotation, given by A = exp(fpg./\/lu).
Let us work out what the representation matrix in the spinor representation is for
these elements. Recall that we have

1 1
[77 I 700’]

Y
0 ai 0 ol
—gt —gl 0
otod

( 0 —o (ﬂ)

1 ”k O'k 0

2 0 ok}

Remembering that Yog = Yg; = X0 = 0, we get

S =

4
1
2
1
2

1 .
S[A] = exp <2§]ij~S”>

_ [ eti®@/2 0
= 0 etiz /2 ) -

We can simply this even further in the case ¢! = ©? — 0, where we get

S[A] = diag(ei"gﬂ7 e_i”S/Z, eip3/27 e_ipg/z).
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This shows our key feature of our representation obeys S[p® = 27] = —14, but
we have A[¢® = 27] = 1,. Hence we have really produced a representation of the
covering group!

Remark. If you approached them by classifying representations of the Lorentz
group, you would discover that the spin representation is the essentially only other
four dimensional representation that you can use to get the Lorentz group.

The big benefit of this is that now we can define fields with respect to this represen-
tation.

Definition 6.8 (Spinor Field). A spinor field a function

Y R¥ — c*
x— p*¥(z) € C,
where o € {1,...,4} is called a spinor index, which transforms under Lorentz

transform A € G, as

P (z) B g (a) = SAGYP (AT 2), (36)

shortened to 1 (z) — S(A) - (AL - z).

Our next task will be to construction a Lorentz-invariant action for the spinor field.
This will be our natural candidate to describe a spin-% field theory.

Recall that, as shown in Example 6.7, a spinor field transforms as ¢(z) — —¢(z)
under a 27 rotation. Otherwise, we can proceed to define other related fields in the
usual way. For example, the spacetime derivative 0,9 (z) will transform as

Oup(x) —— (ATHS[A]- 9, (A™" - ).

But since the spinor representation is complex, we also need to think about complex
conjugation and how the Hermitian conjugate of the spinor field transforms. We’ll do
that in the next lecture, where we’ll find that this will lead us to a simple action, which
is the Dirac action for the spinor field.

The conjugate field transforms under A as
Uh(@) —— wh (AT 2)(S[A]D)L.

Unfortunately, here we must note that the spinor representation is not unitary, which
is quite unusual in physics, as it will violate preservation of norm. This is inevitable,
as our Lie group is non-compact, hence by a classical Lie theory result, it admits no
finite dimensional unitary representation. Hence, in general, we need not have that
S[A]f = S[A]~! for all A € Gy,.

But at the end of the day, the states in the Hilbert space will be given at the end of
the day by the modes of this operator, so, as long as those end up being unitary, we’ll
be fine. We’ll also show we’re able to get a Lorentz-invariant action that is real, which
is a priori not necessarily true.

By the commutator relations for the Clifford algebra, we must have (y°)? = 14, and
thus 7 has real eigenvalues, and thus is Hermitian (7°)" = 4°. This deals with the

case = v = 0, for the other case u = v = i, we have (7")? = —14, 7* has imaginary
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eigenvalues and is anti-Hermitian, with (7%)" = —4. But we can simplify the situation

by noting that (7°)% = +% = (4°)~1, and moreover that
Y9 = %40 = 4%9%
=—'=("
hence
(7T =910

We will use Equation 37 to deduce the Hermitian conjugates of S*":

(54! = (b, ]!

= 206, M)
= i[ 997~°,7%9#~°]

1 v
= "0
_ —’)’OSMV’YO.

Let us now consider

Definition 6.9 (Dirac Adjoint). The Dirac adjoint is defined as
U(x) =9l (z) A,

and transforms as

Define the scalar field

where the spinor indices are contracted with each other.

| Claim. This is a real scalar field.
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Proof. Reality follows from

(@) = (1 (@) (") Te(x)
= 9T (2)7%9(z) = ().
To prove scalar field, take some LT A € Gy,
B(z) = P(x) - Pp(z) ——'(z) = (AT - 2)S[A] 7 - S[AJP(A™ - 2)
=A™t 2)Yp(Az) = B(AT o).

We need to deal with derivatives before we go on to define the action.
Proposition 6.10. We can construct vector fields by taking
Vi (@) = d(x)y"d (@), (38)
which transforms under A as
VHE(z) ——ALVY(A™ - 2)
—AEHA 2y (A - ).

| Remark. This is the quantity that we need to couple the Maxwell field.
Proof. Under A, this transforms as
V(@) ——(A™ - 2)S[A] Iy - S[AJp (AT - a),
which is equivalent to showing that
SIA]7H -t - S[A] = Ay

We'll prove this at the linearised level, by parametrising A = eXp(%ngM””), and
S[A] = exp(39,,M*?). The implied relation is that

[, SP7) = nfty? —n7iyP,

which is left as an exercise. O

6.2 The Dirac Action

We now have all the ingredients to introduce the Dirac action, which is the only renor-
malisable action for the fermionic theory. As usual we will demand that this action
for spinor fields will be Lorentz invariant and real. Writing the action in terms of the
Lagrangian density

S = /d4x£(x),

this translates to £(x) is scalar, and () is real, at least up to a surface term.
Based on our earlier experience, we could define

L= au@a#d%
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but this is the wrong answer, as it leads to component-wise Klein-Gordon equations,
which lead to too many states for the fermionic theory. The correct density to use is

L(x) = L1+ Ly = (x)y"8) - () — mp(x)Y(x),

for m € R, which crucially has a single derivative. This will lead us to Dirac’s Equation.

| Claim. L(z) is a scalar field.
Proof. We have Lo = —mX(z), and m € R, so we're done. For

Li(2) = ()i Outp(x) ——0(A71 - 2)S[A] i - (AT1)1S[AJ (AT - ),
suppressing spinor indices. By Proposition 6.10, we know that this transforms to

YA )My (A0 (AT - )
=

P(@) (AT )y Op(AT w) = L1(AT - z).

O
| Remark. This will give us a Lorentz invariant action, as previously discussed.
| Claim. L(z) is real, up to a surface term.
Proof. We already showed that £+ 2(z) = —mX(z) € R. For £; we have
Li(x) = it (@) - iv" Oup()
= Li(x) = =i0, ()77 - i (x)
= =i, () - v"(2)
= i (@) Outb() — 10, (¢ (2)y"(x))
= L4(z) + surface term.
O

Definition 6.11 (Dirac Action). The Dirac action is defined as

S = /d4x(@(x) - (iyH0, —m) - Y(x)).

Remark. We could apply the principle of least action by varying either ¢ or . We
prefer using v, because the action does not contain its derivative. This gets us:

| Proposition 6.12 (Dirac’s Equation). We have (iy*d, —m) - ¢(x) = 0.

In a sense, there is no classical spinor field, as they obey the Pauli exclusion principles.
So we will start to prepare to quantise the fermionic field. Let us note that by varying
w.r.t. ¥(z), we get

i(0,0) - Y +map = 0.

54



Lecture 20

6 Fermions

Notation. For any 4-vector V,, we define (V)ap = 755V,

Since S[A] = exp(%QPUSP"), for rotations ;; = feijkgok, we can write out the
representative
e+i¢'~6"/2 0
Sle] = ( 0 oiga/2 )
and moreover for boosts ;0 = —Qy; = x;, hence

. e)'(‘-U/Z 0
sii= (73 o)

Hence every matrix in the spinor representation is block-diagonal, and the spinor rep-
resentation is reducible, i.e. it has an invariant subspace.

Recall that our basic strategy for constructing representations of Lie group was to
construct ones for the Lie algebra, which only sees in a neighbourhood of the identity.
This technique really gives us a representations for the covering group, ie. Gp =
Spin(3,1) instead of G, = SO(3, 1), as they both have the same Lie algebra. Something
else we could do is that we could complexify, which reduces the problem of dealing with
a non-compact group, such as SO(3,1), we get

Lc(SO(3,1)) 2 Le(SO(4)) 2 Le(SU(2)) @ Le(SU(2)),

and thanks to Cartan’s Classification, we know the finite dimensional irreducible repre-
sentations of L¢. These are given for j half-integer such that —j < j, < +4j, we have the
finite dimensional representations R; which has dimensionality 2j+1, and R;, ; ) with
dimensionality (254 4+ 1) x (25— + 1). This gives scalar, left-handed and right-handed
Weyl spinor and vector spinor. Hence the Dirac spinor representation decomposes as
(1.0)% (0, 1).

6.3 Solutions of Dirac Equation

We see that for
(iv* 0y —mly) - Y(x) =0,

if we act on it by (—iy”d, —mly,) and apply the Clifford algebra equations, we get the
Klein-Gordon Equation

(9,0" +m?) - p(z) = 0.

This backs up the idea that the correct EoM for the spinor fields is the Dirac Equa-
tion, which has fewer propagating degrees of freedom than the Klein-Gordon Equa-
tion.

We can see this by taking a Klein-Gordon solution

w ~ eiip»w’

with p,p"* = m?,p° = Ez = \/|p|?> = m2, hence the positive frequency solution is given
by

Yo(x) = ua(p)e”"?,
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which we can plug into Dirac’s Equation

(puy" —mly) - u(p) = 0.

We now use the chiral representation of s in terms of Pauli matrices, and expand
the above to

where w# = (15,0%),5" = (12, —0"). Hence the general solution to the mode expansion
is given by

0= (Vi)

with ¢ € C? is arbitrary. Here the square root of the matrix is meaningful because we
have Hermitian operators H = H ', hence we can H = U~ 'AU, with A = diag{\1, A2},

and thus we define VA := diag{v/A1, vV 2}, VH := U~ VAU.
Defining

M(p) = puo—uv

M(p) = p/tﬁua

which obey M(p)M(p) = m?14, we can check the ansatz.
Choosing a basis (¢ € C?, s € {1,2}, with (C’")T ¢ = 6", and similarly n° € C?,
(n")tn® = 6%, gives us a basis of solutions for positive and negative frequency solutions

B (@) = ul (p)e 77, 1) (p) (V§$Z§i>

w;ou (z) = v (p)et P v (p) (\/%W“)

Since our spinor mode expansions will involve a number of these operators, we will
use some useful identities such as the following ones

(uZ)T(p)ua(g) = 2p0(5rs

> ul(p)us(p) = (B + mla)as.

s=1

6.4 Quantisation of the Free Spinor Field

Our starting point will be the Dirac action
— ()1 Ob(w) — M) ().
This Lagrangian density has an U(1) symmetry, which we call vector symmetry:
Y(x) —— e (x)
() —— e P(2),
which is also a global symmetry of the action. The associated Noether current

Jy =9y =VH = 8.5 =0
Q= [ @it = [ @cirn = [t
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When we quantise, we will be able to get a charge operator. This will also be preserved
in the quantum world, in the sense that it commutes with the Hamiltonian, and hence
we can simultaneously diagonalise it. This will show that our particles, i.e. eigenstates,
will have, other than energy and spin, also an associated charge.

The Hamiltonian formulation is now given as follows. We have

_ L)
p(x)
hence ¥, ~ ¢. The fact that these degrees of freedom are not independent will be

ultimately responsible for the diminished degrees of freedom of the theory.
The Hamiltonian density obtained by Legendre transform will be

H(w) = ()i(x) — L(x)
= () (=705 +m) ¢().
We now expand the field in a complete set of solutions of Dirac Equation, i.e. take

the Fourier transform. Our basis of solutions will be labelled by p,, s = 1,2, p,p* =
m?2,py > 0, with

¥(z) = ip(z)" = i (x),

2
bal(z) = Z / ip?); (b;s?u;;(p)e_ip'z + c%*vi(p)e”p'm) .
s=1 (27T) \/E

Claim. Particles of spin % must be quantised as fermions, i.e. we must use anti-
commutators instead of commutators.

Recall that we have
L =iy, — mynp
H = () (—i'yi@i +m) 1.
Quantisation, in the Schrodinger picture follows the process
’@[Ja(x) = wa(f7 t) —H/}a(f)v
Yh(@) ——pl(@),
imposing the anti-commutator relations
{0a (@), DL} = 10y (@ )
{OL@), P5@)} = {(a(@).¥s(H)} = 0.
If we do this, we get particles which obey the Fermi-Dirac statistics, and a vacuum
which has a fixed energy rather than a spectrum that is unbounded from below.
We now mode-expand with respect to a complete set of solution of Dirac Equation,
and not Klein-Gordon, Our basis of solutions will be labelled by p,, s = 1,2, p,p" =

m?,pp > 0. Since we work in Schrédinger picture, time is fixed for our operators, and
hence we have

~ 2 3 A N -
ba(T) = Z/ ((217:;3 \/% (b%ui (p)e P + 3; vy (p)e—lp-w) .
s=1 P
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Exercise. Show that all of the following anti-commutators vanish
{b.2y = (o'}
= {b.e} = {p'.e =0,

but we have

{55,071y = (&5 2y = (@2n)%6728® (5 - ).

The point of mode expansion is to write out the Hamiltonian as an infinite set of
decoupled harmonic oscillators, and that the Hamiltonian could be thus diagonalised to-
gether with those operators. However in this case, we’ll have an infinite set of fermionic
SHO. We have (fermionic) creation and annihilation operators subject to

(.07} =0+ +b=1
{b,b} = {b7,p'} = 0.
The second relation shows that these operators are nilpotent
2 = (b2 =0,
which is hard to realise for differential operators'. Hence the Hamiltonian is given by
Ay = 5o (55— 5)

~ 1
= W(NF - 5)7

where the fermionic number operator is given by Np = b'h. Note the sign difference in
the Hamiltonian compared to the bosonic case.
We have that b, b! raise and lower energy, since

[Hp, b = —wb
[ﬁF,/b\T] = ‘H,UBT

This gives us access to the usual technique to obtain representations of these operators:
we find a ground sate |0) such that b|0) =0 = Ng |0) = 0. This gives

fir10) = (~5) 10}

The negative sign is the origin of supersymmetry, where fermionic and bosonic field have
a tendency to have energies which cancel each other in some way.
We now define

1) =b'|0)
= NF 1) =11)
— Hr 1) =(+5) 1)
But then by nilpotency, that’s it, as the next state will square back to |0). Explicitly

®H?2 |0y = 0.

1Expand: Is it though?
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Hence |0) and |1) span H, which is an incarnation of the Pauli exclusion principle.

The quantum theory of the spinor field is an infinite decoupled set of fermionic simple
Harmonic oscillators, and we will show that in the Example Sheet. We will take the
classical Hamiltonian and promote it to an operator

H:/deHWH.

This will get us

We now want to normal order the products to express everything in terms of number
operators:

s=1
Bz 2 gty st 3¢(3
:/(2 2 Z(ﬁ %—cq/c\%)—(%') 53 (0)
s=1
~ d3$ 2 st Ts t~s
::H::/WEﬁXZ<bﬁbﬁ_c~c-‘),
s=1

by our previous normal ordering discussion. Note that the 5(3)(0) term corresponds to
the sum of the vacuum energy of our fermionic simple harmonic oscillators.

Now if we proceeded with quantising the fields as if they were bosons, the whole
thing will go through, except that at the end we’ll get a + instead of our —. This will
give us a Hamiltonian that is unbounded below. This is done in David Tong’s notes,
and is formally formalised as the Spin-Statistics Theorem.

6.5 Computing the Spectrum

Onto computing the spectrum of this theory. Remember that from our earlier discussion
we had shown that the theory had a U(1)-symmetry, with associated Noether currents

g =yt
Q- / P! (@),

which we can quantise as

Now the particle space will be realised as a tensor product of those of the individual
fermionic SHOs. We proceed by getting the vacuum state in the particle spectrum by
setting all the oscillators to their vacuum state

vr € {1,2},5 € R3D%(0) = &5[0) = 0.
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The 1-particle sates, s € {1,2}
o +710) = [p, s),

where £ = Ez = /|p]? + m?, Q = +1. Thus s is labelling the spin sates, which we
take to be interpreted as s = 1is a,s, = —%, and s = 2,1,s, = —|—%. The c-states will
correspond to anti-particles

p.s) =25 [0),
for E = Ez Q = —1?. So a free relativistic massive spin-% field theory leads inevitably

to the prediction of an anti-particle for any fermion.
The two particle states are given by

Ip, 7,4, 8) = b b [0)
= |Q787par> ’

as a consequence of {3;;7',/[)\;8} = 0, which is a manifestation of the Fermi-Dirac statistics.

6.6 Interactive Fermions

We want to deal with interactions, by writing a Lagrangian

L= Lo+ Lint

Lo =1 (Z.V#au - m) 1.

Since our perturbative expansions are guided by dimensional analysis, we must ap-
preciate that this is different from the bosonic field in the following

(L] =40]=+1 = W] =[]=3.

Thus the first Lorentz-invariant interacting action we could write out

Line = —gr (1))?,

thus the Fermi coupling constant [gr] = —2 is already an irrelevant coupling constant,
and thus non-renormalisable. We will see this better in AQFT while studying loop-level
corrections.

Thus we can really just consider a Yukawa theory, with a real scalar field

1 . MQ n s
L=Ly+ 5(@@)(]“@) -5 Ay,

where the Yukawa coupling [A] = 0 gives a marginal coupling.
Next time we’ll go onto gauge fields.

We can again computing scattering amplitudes by using Dyson’s formula, then tak-
ing the time-ordered products, apply Wick’s Theorem, with suitable modification for
anti-commutator. Once this is done, Feynman rules and propagator rewrites can be
extracted.

2Todo: Fix all the st to fs
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Definition 6.13 (Feymna Propagator). Define

Sp(@ = y)ap = (0] Tltha(2)i5(x) 0)
= (0] G ()P (x
—{0| 1/1ﬁ(m) «(z) |0) when zy < yo,

) when yo < zg

where the operators are in Heisenberg picture.

Calling the above operators M, M_, we have

— (0] Pul@) ()

ug s (g)e™ PV (0] {brbel }10)

-5 [ o | o

r,s=2

)e—i(p'-”f—q‘y) (27_[_)367*56(3) (]3'— q_j

- 5 [ o | o

r,s=2
dp 1 -
L —ip-(z—y)
/ (271) zEﬁ(ﬁ +m)age ’
with a similar expression for M_. This gives an integral representation of Sg

dip i(p+m)as

S — aB = _ip'(x_y).
Pl —las = [ Gt

Theorem 6.14 (Wick for Spinors). We have

T[Da(@)05(y)] = Da(@)05(y) : +00(2)05(y),

becomes after taking vacuum expectation values

Ya(@)95(y) = Sk(T = Y)ap-

7 Gauge Field Theories

Definition 7.1. A 4-vector field A*(z) transforms as

AP (z) — LAY (AL - 7).

Definition 7.2. The field strength tensor is given by
FHY = gAY — 9V A¥.

Proposition 7.3. F*¥ is invariant under gauge transformations

APy AP 4 RN,
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| for arbitrary A : R®»! — R.

The Maxwell Lagrangian is given by
1 v
L= _EFWF .

Hence by the principle of least action we can find equations of motions given by 9, F*" =
0. The other two EoM obey the Bianchi Identities

9, FH =0,

where *FH = %5#UpUFpo'.
Let us try to naively take Maxwell’s action and follow our recipe of trying to define
variables in their conjugate momentum. Define

o oL )0 ifp=0

04, | -FY=FE' ifp=ic{1,2,3}

This reflects the redundancy of our field resulting from gauge invariance. The configu-
ration space is thus given by equivalence classes of gauge orbits. We'll take the quotient
and try to perform gauge fixing, which means to pick one point from each gauge orbit.
The problem with physical gauges inevitably break Lorentz invariance. This is an arte-
fact of gauge fixing, but if the calculation is done correctly we’ll recover it at the end.
Otherwise we can pick covariant gauges, which preserve Lorentz invariance, such as the
Lorentz gauge 9, A" = 0.
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